In the second-order reliability method, the Hessian matrix is used to construct a paraboloid approximation of the limit state surface and compute a second-order estimate of the failure probability. In this paper, a practical point-fitting second-order reliability approximation is proposed, by which the explicit secondorder approximation of the performance function is obtained directly in standard normal space with neither the computation of Hessian matrix nor the computation of gradients of the function. Once the point-fitted performance function is obtained, the failure probability is estimated by the empirical second-order reliability index, which is generally simple and works well compared to other second-order reliability method formulas. For accurate computation of the failure probability, an IFFT method is proposed, from which the failure probability is obtained conveniently using the Inverse Fast Fourier Transformation. The proposed methods are investigated and their accuracy and efficiency are demonstrated using numerical examples.
INTRODUCTION
The ultimate goal in structural reliability analysis is to evaluate the probability content of part of an n-dimensional probability space. Difficulty in computing this probability has led to the development of various approximation methods (Bjerager 1991) . Of interest here is the second-order reliability method (SORM), wherein the limit state surface is approximated by a paraboloid in a transformed standard normal space (Fiessler et al. 1979; Breitung 1984; Der Kiureghian et al. 1987 , 1991 Tvedt 1988 Tvedt , 1990 . There are two kinds of second-order reliability approximations: curvature-fitting SORM and point-fitting SORM.
In the curvature-fitting SORM, the approximated secondorder limit state surface is defined by matching its principal curvatures to the principal curvatures of the limit state surface at the design point. The principal curvatures of the limit state surface are obtained as the eigenvalues of the rotational transformed second-order derivative matrix (Hessian matrix) of the performance function in standard normal space (Fiessler et al. 1979; Breitung 1984) . For the paraboloid approximation, various formulas have been derived in closed form (Breitung 1984; Tvedt 1988; Koyluoglu and Nielsen 1994; Cai and Elishakoff 1994) . These formulas generally work well for cases with large curvature radii and a small number of random variables (Zhao and Ono 1999) . However, applying the curvaturefitting method in engineering requires the computation of the Hessian matrix, which can be prohibitively costly when the number of random variables is large and the performance function involves complicated numerical algorithms. Furthermore, the rotational transformation and eigenvalue analysis of the Hessian matrix are required and they are quite complicated for practicing engineers. To avoid the rotational transformation and eigenvalue analysis of the Hessian matrix, a simple approximation together with an empirical second-order reliability index has been proposed (Zhao and Ono 1998) that is simpler and more accurate than the previously mentioned formulas. However, the computation of the Hessian matrix is still required.
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Corotis. Discussion open until June 1, 1999. Separate discussions should be submitted for the individual papers in this symposium. To extend the closing date one month, a written request must be filed with the ASCE Manager of Journals. The manuscript for this paper was submitted for review and possible publication on March 2, 1998. This paper is part of development of another type of SORM approximation, the point-fitting SORM method (Kiureghian et al. 1987 (Kiureghian et al. , 1991 , in which an efficient algorithm is derived in order to determine the principal curvatures without computing the Hessian matrix. The major principal axis of the limit state surface and the corresponding curvature are obtained in the course of obtaining the design point; the remaining principal axes and curvatures can be obtained in the order of decreasing absolute curvature, which coincides with the order of the importance of the principal curvatures in SORM analysis. Avoiding computation of the Hessian matrix is a promising advance in the application of SORM; however, some drawbacks exist in the application of this method. For example, the current pointfitting SORM uses certain gradient-based optimization algorithms, and computing the gradients of the limit state surface may also be prohibitively costly when the number of random variables is large and the performance function involves complicated numerical algorithms. In addition, because the current point-fitting SORM uses a point-fitted paraboloid in rotated standard normal space directly, the rotational transformation is still complicated and the application to general cases is difficult, suggesting that approximation of the limit state surface by a paraboloid at the design point may not be appropriate.
This paper presents an alternative point-fitting method for second-order reliability approximation, in which the performance function is directly point-fitted using a general form of the second-order polynomial standard, normal random variables in an iterative manner. The proposed method does not require computation of the Hessian matrix or the gradients of the performance function. Once the point-fitted limit state surface is obtained, the failure probability is conveniently obtained using the empirical second-order reliability index without any rotational transformation or eigenvalue analysis. Furthermore, as a accurate method, an IFFT method is proposed to compute the failure probability for the case of extremely small curvature radii or for the case in which the limit state surface cannot be approximated by a paraboloid at the design point. Numerical examples are used to confirm the efficiency and accuracy of the proposed methods.
SIMPLE POINT-FITTING SORM APPROXIMATION
In order to improve the current point-fitting SORM approximation (Kiureghian et al. 1987 (Kiureghian et al. , 1991 , consider the limit state surface in standard normal space expressed by a performance function G(U). The present study defines the second-order surface approximation in terms of a set of fitting points on the limit state surface in the vicinity of the design point. These points, 2n ϩ 1 in number, are selected along the coordinate axes in standard normal space rather than in rotated normal space. Along each axis u j , j = 1, . . . , n, two points having the coordinates (UЈ*, Ϫ ␦) and (UЈ*, ϩ ␦) are selected, * * u u where UЈ* = k = 1, . . . , n except j} represents the co{u*, k ordinates of the design point along all the axes except the jaxis, and ␦ is a factor that represents the distance from the design point to the fitting point. The point-fitted performance function is expressed as a second-order polynomial of standard, normal random variables, including 2n ϩ 1 regression coefficients.
where a 0 , ␥ j , and j = 2n ϩ 1 regression coefficients.
Fitting the practical performance function G(U) by GЈ(U) at the fitting points described above, the regression coefficients a 0 , ␥ j , and j can be determined from linear equations of a 0 , ␥ j , and j obtained at each fitting point.
Computation of the Hessian matrix corresponding to G(U) may be difficult, but the matrix corresponding to GЈ(U) can be computed quite easily. Once the point-fitted performance function (1) is obtained, the Hessian matrix corresponding to (1) can be readily obtained as
The sum of the principal curvatures and the average principal curvature radius of the limit state surface at the design point U* can be expressed (Zhao and Ono 1999) as
where b jj , j = 1, . . . , n Ϫ 1 = diagonal elements of B. ␣ = directional vector at design point U*.
Substituting (2) into (4), it follows that
With the aid of K s and R expressed in (6) and (5), the failure probability corresponding to the point-fitted performance function can be obtained by substituting (5) into the following integration (Fiessler et al. 1979 ):
or by substituting (5) and (6) into the following empirical second-order reliability index, which is an empirical closed-form solution for (7) (Zhao and Ono 1998) :
where K s = sum of principal curvatures of limit state surface described in (6); R = average principal curvature radius described in (5); n = number of random variables; ␤ F = firstorder reliability index; and ␤ S = second-order reliability index. Although the procedure described above can be used to obtain the second-order reliability index conveniently, without computation of the Hessian matrix corresponding to G(U) and without rotational transformation and eigenvalue analysis of the Hessian matrix corresponding to G Ј(U), implementing this method requires the design point, which is not generally known beforehand. Computation of the design point for G(U) requires the gradients of the limit state surface, which may also be prohibitively costly to compute when the number of random variables is large and the performance function involves complicated numerical algorithms. To avoid this problem, the design point will be obtained by the following iterative point-fitting procedure in standard normal space using the response surface approach (Bucher and Bourgund 1990; Rajashekhar and Ellingwood 1993) .
1. Select an initial central point U c in standard normal space (generally, the point corresponding to the mean value point in original space is recommended). 2. Select fitting points along the coordinate axes. Along each axis u j , j = 1, . . . , n, two points having the coordinates u cj Ϫ ␦) and
. . , n except j} represents the coor-(UЈ c dinates of the design point along all the axes except the j-axis, and ␦ is a factor which represents the distance from the central point to the fitting point. 3. Transform the fitting points to the original space using the Rosenblatt transformation, and fit the original performance function by the performance function approximation (1) at these points. The regression coefficients included in (1) can now be obtained. 4. For the point-fitted performance function (1), conduct FORM iteration and obtain the design point U* corresponding to (1). 5. Substituting U* for U c in step 2, repeat steps 2 -4 until convergence. 6. After obtaining the design point, the failure probability or the second-order reliability index can be obtained using (7) or (9).
According to the experience of the authors, this procedure generally converges after 3 to 6 iterations and is reasonably accurate, as shown in the ensuing sections.
ACCURATE COMPUTATION OF SECOND-ORDER RELIABILITY
Although the procedure described in the preceding section is simple, computation of the failure probability can be used only in the cases for which the limit state surface can be approximated by paraboloid, the assumption used in almost all of the current SORM methods. Generally, for the case of a relatively large curvature radius and a small number of random variables, the failure probability is not sensitive to the kind of limit state surfaces with a specified value of curvature radius, number of random variables, and first-order reliability index (Zhao and Ono 1997) , and the formulas (7) and (9) work well. In the case of an extremely small curvature radius and a large number of random variables, and a limit state surface that can- 
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No. not be approximated by a paraboloid, formulas (7) and (9) produce significant errors, and an alternate method is required for the accurate computation of failure probability. For this purpose, an Inverse Fast Fourier Transformation (IFFT) method, which uses the fact that the Probability Density Function (PDF) and the characteristic function of a random variable can be expressed as a pair of Fourier transformations (Lin 1967; Sakamoto and Mori 1995) , is suggested.
where f (x) and Q(t) are the PDF and characteristic function of a random variable x, respectively, and i = Ϫ1.
͙
The characteristic function corresponding to the point-fitted performance function (1) can be explicitly obtained as (Tvedt 1990 )
In particular, for the following performance function in the parabolic approximation (Breitung 1984; Tvedt 1983; Der Kiureghian et al. 1987 , 1991 Hohenbichler et al. 1988; Koyluoglu and Nielsen 1994; Cai and Elishakoff 1994) :
the characteristic function is expressed as
Using the discrete values Q(t s ), s = 1, . . . , N, of (12) or (14) evenly distributed in the interval of [t 1 , t N ], where N = number of discrete data and [t 1 , t N ] can be selected by evaluating the effective range of Q(t), the discrete values of inverse Fourier coefficients are readily obtained as F r , r = 1, . . . , N, using the IFFT, which has become a familiar engineering tool. According to the definition of discrete Fourier transformation and PDF, the discrete values of PDF can be obtained (see Appendix I) as
Because discrete values of f (x) with only positive values of x are obtained, the failure probability for Prob{x < 0} can be readily obtained by the numerical integration of the discrete values of f (x).
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EXAMPLES AND INVESTIGATIONS Example 1: Investigation on Convergence of Procedure
The object of the first example is to investigate the convergence of the proposed procedure. Consider the following simple performance function that includes only two random variables.
1 2 where x 1 = normal random variable with mean value of = 50 and standard deviation of = 25; and x 2 = lognormal random variable with mean value of = 80 and standard deviation of = 64. For comparison, the problem is first solved using gradient-based optimization algorithms, and the design point is obtained as (2.1334, Ϫ1.4000) in standard normal space with the first-order reliability index of ␤ F = 2.5518. Using differential geometry, the curvature radius is obtained as R = 3.7072 and the central point of the tangent circle is obtained as (5.2232, Ϫ3.4346) in standard normal space, as depicted by the thin solid line in Fig. 1 . Using the integration method, the failure probability is obtained as 4.020 ϫ 10
Ϫ3
with the corresponding reliability index of ␤ = 2.6504. When the analysis is conducted using the proposed method, the initial central point is taken to be the point transformed from the mean value point, and the distance from the central Table 1 , in which column 1 is the number of iteration; column 2 is the central point for each iteration; columns 3 and 4 show the point-fitted performance functions and their corresponding design points, respectively, obtained in each iteration; and columns 5, 6, and 7 show the first-order reliability index ␤ F , the average principal curvature radius R, and the empirical reliability index ␤ S corresponding to the obtained point-fitted performance function, respectively. From Table 1 one can see that, although the results obtained in the first iteration are much different from the exact results, when convergence is reached (the fourth iteration), the design point is obtained as U* = (2.121, Ϫ1.418) with corresponding first-order reliability index ␤ F = 2.5516, which is in good agreement with the exact results U* = (2.133, Ϫ1.400) and ␤ F = 2.5518. Applying formulas (5), (6), and (9) to the point-fitted performance function obtained in the fourth iteration, the average curvature radius is obtained as 3.6955, and the failure probability is obtained as P F = 4.013 ϫ 10 Ϫ3 with the corresponding reliability index of ␤ S = 2.6510, which are close to the exact results R = 3.7072, P F = 4.020 ϫ 10 Ϫ3 , ␤ = 2.6504.
The point-fitted limit state surfaces obtained during each iteration are depicted in Fig. 1 , in which the point-fitted limit state surface obtained in the fourth iteration is not depicted because it is almost identical to that obtained in the third iteration. Fig. 1 shows that the point-fitted limit state surface gradually approaches the original limit state surface at design point as the number of iterations increases. The tangent circle at the design point of the point-fitted limit state surface obtained in the fourth iteration is depicted by the thin dashed line. This circle is nearly invisible because it almost completely coincides with that of the original limit state surface. The central point of the circle is obtained as (5.2195, Ϫ3.4323), which is almost identical to the accurate central point (5.2232, Ϫ3.4346).
In order to investigate the effects of the fitting points, the previous problem is solved using different fitting points ranging from ␦ = 0.1 to ␦ = 2.0 with an interval of 0.1. All computations converged within six iterations, the first-and secondorder reliability indices obtained with different ␦ are shown in Fig. 2 , and the corresponding curvature radii are shown in Fig.  3 . From Fig. 2 , one can see that the first-and second-order reliability indices are only slightly affected by the fitting points, except when ␦ is very large. When ␦ is larger than 1.0, the first-order reliability index increased slightly with the increase of ␦. In contrast, the second-order reliability index remains almost unchanged. This occurs because, in these cases, the curvature radius R also becomes large (see Fig. 3 ) and the modification effect of R becomes weak. As an example of large ␦, the point-fitted second-order surface obtained with ␦ = 1.5 is depicted in Fig. 4 , which shows that the tangent circle (depicted by a thin dashed line) of the point-fitted limit state surface does not closely approach that (depicted by a thin solid line) of the original limit state surface. The approximating curvature radius is obtained as R = 4.0305, which is very different when compared with the exact value R = 3.7072. The firstand second-order reliability index corresponding to the pointfitted limit state surface are obtained as ␤ F = 2.5562, ␤ S = 2.6493, respectively, which are still close to the exact values ␤ F = 2.5518, ␤ S = 2.6504. Fig. 2 and Fig. 3 show that the value of ␦ should be between 0.1 and 0.5 for acceptable accuracy.
Example 2: Investigation on Efficiency of IFFT Method
Consider the following performance function in standardized space, which has been used as the fourth example by Der Kiureghian (1987) . The relationships between the second-order reliability index and curvature radius, number of random variables, and first-order reliability index have been investigated by Zhao and Ono (1999) .
The real and imaginary parts of the characteristic function are easily obtained as Fig. 5 and Fig. 6 , respectively, for a = 0.01, 0.05, 0.1, 0.2, 0.3, 0.4, 0.5. As a by-product of the IFFT method, the corresponding PDFs in Fig. 7 are easily obtained, showing that the effective range of the PDF increases with the increase of a. The sum of the principal curvatures of the limit state surface for (20) can be readily obtained as K s = an(n Ϫ 1)/2, and the corresponding average curvature radius is obtained as R = 2/ na. Using R, n, ␤ F as parameters, the failure probabilities obtained using the IFFT method proposed in this paper are listed in Table 2 , with comparison of the results obtained using the empirical formula (9) and those using Monte-Carlo Simulation with 500,000 samples. The parameters ␤ F , n, R are listed in columns 1, 2, and 3, respectively; the reliability index ␤ and the corresponding failure probability P F obtained using the IFFT method are listed in columns 4 and 5, respectively; those obtained using Monte-Carlo simulation are listed in columns 6 and 7; and those obtained using formula (9) are listed in columns 8 and 9, respectively. From Table 1 one can see that when the curvature radius is small (the shaded rows of R = 3.3, 2.5, 2.0 with ␤ F = 2 and n = 8) or the number of random variables is large (the shaded rows of n = 24, 30 with ␤ F = 2 and R = 5), the errors in the empirical formula (9) become significant. However, there is very good agreement between the results obtained using the IFFT method and those obtained using Monte-Carlo simulation with any value of curvature radius R, number of random variables n and first-order reliability index ␤ F . In other words, the proposed IFFT method can be used to accurately compute the failure probability corresponding to quadratic performance functions in normal space.
Example 3: Investigation on Effects of Noise
Consider the following performance functions that have been used as example 1 and example 2 by Der Kiureghian (1987):
Performance function (22) consists of (21) with artificial noise terms added. The approximating performance function obtained by the point-fitting approximation in this paper, the average principal curvature radius obtained using formula (5) and the second-order reliability index obtained using the empirical formula (9) are listed in Table 3 . From Table 3 , one can see that there are slight differences in the point-fitted performance function and the second-order reliability index, that is to say, the analysis results of the point-fitting approximation proposed in this paper are slightly affected by the noise.
Example 4: Comparison with Updating Method
Consider the two performance functions used by Hohenbichler and Rackwitz (1988) , in which satisfactory results have been obtained by combining Breitung's formula with importance sampling:
where the x i , i = 1, . . . , n, are independently and identically exponentially distributed with parameter = 1. The exact result is known to be P F = F Ga (C; n, ) with F Ga the Gamma (Erlang) distribution; (23) corresponds to the upper tail of F Ga and (24) corresponds to the lower tail of F Ga . In order to compare the results obtained using the proposed method with those of Hohenbichler and Rackwitz's updating method (Hohenbichler and Rackwitz 1988; Fujita and Rackwitz 1988) , the exact value of ␤ and the number of random variables n are taken to be the same as those used by Hohenbichler and Rackwitz. The computational results using the proposed point-fitting method in this paper are listed in Table  4 for performance function (23) and in Table 5 for performance function (24). Columns 1, 2, and 3 are the parameters used by Hohenbichler (1988) , where the values of C(␤, n) are provided for convenience of checking by readers. Columns 4, 5, 6, and 7 are the results given by Hohenbichler and Rackwitz's (1988), where ␤ S represents the Breitung's second-order 
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Eq. (9) reliability index and ␤ SI the updating reliability index using SORM combined with importance sampling, and the sign of the average curvature radius R has been corrected according to the definitions in this paper. Columns 8, 9, and 10 show the results obtained using the present method, where ␤ F is obtained using the point-fitting approximation, R is the average principal curvature radius obtained from the point-fitted performance function by formula (6) and (5), and ␤ S is the empirical second-order reliability index obtained using formula (9). From Table 4 and Table 5 , one can see that the first-order reliability index ␤ F and the average principal curvature radius R obtained by the point-fitting approximation are in good agreements with those of Hohenbichler and Rackwitz's. Furthermore, although very simple, the empirical second-order reliability index ␤ S in column 10 agrees with the updating second-order reliability index ␤ SI in column 7. In addition, both of these reliability indices are significantly more accurate than Breitung's second-order reliability index ␤ S in column 6 and can be used as approximations of the exact reliability index listed in column 1.
CONCLUSIONS
For practical application of SORM, an alternative point-fitting approximation is proposed. The limit state surface is approximated by a point-fitted second-order surface in standard normal space that does not require computation of the Hessian matrix or the gradients of the performance function.
In order to compute the second-order reliability accurately, an IFFT method is proposed. This gives accurate failure probabilities corresponding to quadratic performance functions in standard normal space conveniently. As a by-product of the IFFT method, and if necessary, the PDF corresponding to the performance function can be easily obtained.
After obtaining the point-fitted performance function, the second-order reliability index is conveniently obtained using the empirical reliability index, which is generally reasonable. For the case of an extremely small curvature radius or the case when the limit state surface is difficult to be approximated by a parabolic surface, the IFFT method can be used to compute the failure probability accurately.
It should be noted that the method proposed in this paper can be used only for limit state surfaces having only one design point, a restriction that also applies to other FORM/ SORM methods. Otherwise, local convergence may occur and error results may be yielded.
Another problem that needs to be mentioned is that, although the ranges of parameters R, n, and ␤ F for which the simple approximation and empirical reliability index are accurate are much larger than those of other SORM formulas, an understanding of these numerical ranges in detail is important because it can help us to judge when the IFFT method may be used. Further study in this area is needed.
APPENDIX I. DERIVATION OF (15) AND (16)
Corresponding to the Fourier transformation pair in (10) and (11), the pair of discrete Fourier transformation used in FFT and IFFT is defined as (Wolfram 1996) 
Comparing (31) with (26), it follows that: Because x 1 is made to be 0 here, only f (x r ) for x r Ն 0 can be obtained using (33).
As a reference, for discrete values f (x r ), r = 1, . . . , N, evenly distributed in the interval of [x 1 , x N ], the discrete values of the characteristic function can be obtained similarly as where Q s , s = 1, . . . , N = Fourier coefficients for data f (x r ), r = 1, . . . , N, they can be conveniently obtained from FFT.
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